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ALDO-HILARIO CRUZ-COTA 

Abstract. A hex sphere is a singular Euclidean sphere with four cone 
points whose cone angles are (integer) multiples of ^ but less than 
2tt. We prove that the Moduli space of hex spheres of unit area is 
homeomorphic to the the space of similarity classes of Voronoi polygons 
in the Euclidean plane. This result gives us as a corollary that each 
unit-area hex sphere M satisfies the following properties: (1) it has an 
embedded (open Euclidean) annulus that is disjoint from the singular 
locus of M; (2) it embeds isometrically in the 3-dimensional Euclidean 
space as the boundary of a tetrahedron; and (3) there is a simple closed 
geodesic 7 in M such that a fractional Dehn twist along 7 converts M 
to the double of a parallelogram. 



1. Introduction 

A surface is singular Euclidean if it is locally modeled on either the Eu- 
clidean plane or a Euclidean cone. In this article we study a special type 
of singular Euclidean spheres that we call hex spheres. These are defined 
as singular Euclidean spheres with four cone points which have cone angles 
that are multiples of ^ but less than 2ir. Singular Euclidean surfaces whose 
cone angles are multiples of ^ are mainly studied because they arise as 
limits at infinity of real projective structures. 

We now give examples of hex spheres. Consider a parallelogram P on the 
Euclidean plane such that two of its interior angles equal 7r/3, while the other 
two equal 2tt/3. Such a parallelogram will be called a perfect parallelogram. 
The double D of a perfect parallelogram P is an example of a hex sphere. 
This example gives rise to a 3-parameter family of hex spheres. To see this, 
let 7 be the simple closed geodesic in D that is the double of a segment in P 
that is perpendicular to one of the longest sides of P. Then two parameters 
of the family of hex spheres correspond to the lengths of two adjacent sides 
of P, and the other parameter corresponds to twisting D along 7. 

Let M be a hex sphere. The Gauss-Bonnet Theorem implies that exactly 
two of the cone angles of M are equal to ^ , while the other two are equal to 
-jp We consider the Voronoi decomposition of M centered at the two cone 
points of angle -jp. This decomposes M into two cells, the Voronoi cells, 
which intersect along a graph in M, the Voronoi graph. Each Voronoi cell 
embeds isometrically in a Euclidean cone as a convex geodesic polygon (see 
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|CC| ). By cutting a Voronoi cell along a shortest geodesic passing through 
the vertex of the cone, the Voronoi cell becomes a polygon on the Euclidean 
plane. This polygon will be called a planar Voronoi polygon. 
Our main result is the following: 

Theorem 1.1. The space of similarity classes of Voronoi polygons in the 
Euclidean plane is a parameter space for the Moduli space of hex spheres of 
unit area. 

Each point in the space of similarity classes of Voronoi polygons is uniquely 
determined by a pair of angles satisfying certain linear inequalities. There- 
fore, the main result implies that, roughly speaking, the isometry class of a 
hex sphere of unit area is determined by a pair of angles. 

Corollary 1.2. Every unit-area hex sphere satisfies the following properties: 

o it has an embedded, totally geodesic Euclidean annulus of positive 
width (in particular, every hex sphere has a simple closed geodesic); 

o it embeds isometrically in the 3-dimensional Euclidean space as the 
boundary of a tetrahedron; 

o there is a simple closed geodesic 7 in M such that a fractional Dehn 
twist along 7 converts M to the double of a perfect parallelogram. 

The author would like to thank his PhD adviser, Daryl Cooper, for many 
helpful discussions. Portions of this work were completed at the University 
of California, Santa Barbara and Grand Valley State University. 

2. Singular Euclidean Surfaces 

Definition 2.1. ([Tro07j) A closed triangulated surface M is singular Eu- 
clidean if it satisfies the following properties: 

(1) For every 2-simplex T of M there is a simplicial homeomorphism fx 
of T onto a non-degenerate triangle /t(T) in the Euclidean plane. 

(2) If T\ and T2 are two 2-simplices of M with non-empty intersection, 
then there is an isometry g\2 of the Euclidean plane such that fa = 
512/T2 on Ti n T 2 . 

There is a natural way to measure the length of a curve 7 in a singular 
Euclidean surface M. This notion of length of curves coincides with the 
Euclidean length on each triangle of M and it turns M into a path metric 
space. That is, there is a distance function du on M for which the distance 
between two points in M is the infimum of the lengths of the paths in M 
joining these two points. There is also a natural way to define an area 
measure in a singular Euclidean surface ([Tro07]). This measure coincides 
with the usual Lebesgue measure on each Euclidean triangle of the surface. 

Definition 2.2. Let M be a singular Euclidean surface M and let p be a 
point in M. The cone angle of M at p is either 2ir (if p is not a vertex of M) 
or the sum of the angles of all triangles in M that are incident to p (if p is a 
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vertex of M). If 9 is the cone angle of M at p, then the number k = 2tt — 9 
is the (concentrated) curvature of M at p. 

The next definition generalizes the concept of tangent plane (see |BBI01j ). 

Definition 2.3. ( [CHKOO] ) Given a singular Euclidean surface M and a 
point p 6 M of cone angle 9, the tangent cone T p M of M at p is the union 
of the Euclidean tangent cones to all the 2-simplices containing p. The cone 
T p M is isometric to a Euclidean cone of angle 9. 

A point p in a singular Euclidean surface M is called regular if its cone 
angle equals 2n. Otherwise it is called a singular point or a cone point. The 
singular locus £ is the set of all singular points in M. 

3. Hex Spheres 

Definition 3.1. A hex sphere is an oriented singular Euclidean sphere with 
4 cone points whose cone angles are integer multiples of ^ but less than 2tt. 

Examples of hex spheres are given in the introduction of this paper, 
o Why cone angles that are multiples of Singular Euclidean surfaces 
with these cone angles arise naturally as limits at infinity of real projective 
structures. Real projective structures have been studied extensively by many 
authors f |Gol90j . |CG93| . |Lof07| . |Lab07j . |Hit92| 1. 

o Why 4 cone points? The following lemma shows that there is only one 
singular Euclidean sphere with 3 cone points whose cone angles satisfy the 
numeric restrictions we are interested in. This suggests studying the next 
simplest case (when the singular sphere has 4 cone points). 

Lemma 3.2. Let M be a singular Euclidean sphere with k singular points 
and assume that each cone angle of M is an integer multiple of ^p Then 
k > 3, and ifk = 3 then M is the double of an Euclidean equilateral triangle. 

The proof of Lemma 13.21 follows from the Gauss-Bonnet Theorem and 
Proposition 4.4 from [CHKOOj. The Gauss-Bonnet theorem also tells us the 
sizes of the cone angles of a hex sphere: 

Lemma 3.3. Exactly two of the cone angles of a hex sphere equal ^ while 
the other two equal 4p 

From now on, we will use the following notation: 
o M will denote a hex sphere. 

o a and b will denote the two cone points in M of angle 4p 
o c and d will denote the two cone points in M of angle ^p 
o S = {a, b, c, d} will denote the singular locus of M. 

Definition 3.4. The (open) Voronoi region Vor(a) centered at a is the set 
of points in M consisting of: 

o the cone point a, and 

o all non-singular points x in M such that 
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(1) dM{a,x) < d,M(b,x) and 

(2) there exists a unique shortest geodesic from x to a. 

The (open) Voronoi region Vor{b) centered at b is defined by swapping 
the roles of a and b in Definition 13.41 It is shown in [BP 01] and CIIKOO 
that, if p 6 {a, b}, then there is a natural isometric embedding f p of Vor(p) 
into the cone T p M. We will use the following notation: 

o A will be the closure of f a iyor{a)) in T a M. 
o B will be the closure of fb(Vor(b)) in T^M. 
o U denotes the disjoint union of sets. 

4. The Moduli Space of Hex Spheres 

Definition 4.1. A topological hex sphere is an oriented triangulated sphere 
S together with 4 pairs (xi,6i), (x2,02), (^3,^3), (£4,6*4) such that: 

o The distinct points in the surface S. 

o Each 6i > is an integer multiple of 2tt/3 but less than 2ir. 

o ^2i = i(2ir — 9i) = 2itx(S). [x(S) is the Euler characteristic of S.] 

The point X{ will be called a "cone point" in S of "cone angle" Q{. 

Definition 4.2. A hex structure marked by an topological hex sphere S is a 
pair (M, h), which consists of a hex sphere M together with an orientation- 
preserving piecewise-linear homeomorphism h: S — >■ M . We also require 
that the homeomorphism h sends a cone point of S to a cone point of M 
with the same cone angle. 

The set of all hex structures marked by S will be denoted by 7i(S). 

Definition 4.3. We define the equivalence relation ~_A4 on H(S) as follows: 
(M, h) —m (Af'j if and only if there is an orientation-preserving isometry 
g: M — > M' which preserves the cone points (i.e., if the Xj's are the cone 
points of S, then g(h{x.{)) = h'{xi) for each i). The (oriented) moduli space 
A4(S) of S is defined as the set H(S) modulo the equivalence relation 

The equivalence class of (M, h) will be denoted by [M, h]~ M € M(S). 

Definition 4.4. Let d M ^ be the map of M(S) x M(S) into the non- 
negative reals defined by dj^/g\([M,h]~ M ,[M',h']~ M ) = loginfiT. The 
infimum is taken over all numbers K > 1 such that there is an orientation- 
preserving PL ET-bi-Lipschitz homeomorphism g: M — >■ M' preserving the 
cone points of S and the Voronoi graphs of the hex spheres. 

The reader can check that dj^rg) is a metric on A4(S). 

5. Special Polygons 

Cutting each of the Voronoi cells A C T a M and B C T^M along a shortest 
geodesic passing through the vertex of the cone it lies on, we obtain the 
planar Voronoi polygons Pa and Pb of M. These polygons satisfy certain 



THE MODULI SPACE OF HEX SPHERES 5 

properties, depending on the number p of edges of A (p can only be equal 
to 2, 3 or 4, see [CC] 1. 

Definition 5.1. A planar polygon P is 2-special if it satisfies the following: 

(1) P has 4 sides. 

(2) There is exactly one vertex a of P at which the corner angle equals 
4tt/3. 

(3) The corner angle of P at a vertex different than a is less than ir. 

(4) The corner angle of P at the vertex opposite to a equals tt/3. 

(5) Vertices of P that are different than a are equidistant from it. 

We reformulate the main result of [CC| for the case p = 2 as follows. 

Theorem 5.2. If p = 2, then the (isometric) planar polygons Pa and Pb 
are 2-special. Furthermore, the hex sphere M can be recovered from the 
disjoint union of the polygons Pa and Pb by identifying the edges on the 
boundaries of Pa and Pb as shown in Figure [7J 




Figure 1. Recovering M from Pa U Pb when p = 2 

Definition 5.3. A planar polygon P is 3-special if it satisfies the following: 

(1) P has 5 sides. 

(2) There is exactly one vertex a of P at which the corner angle equals 
4vr/3. 

(3) The corner angle of P at a vertex different than a is less than tt. 

(4) The corner angle of P at each vertex adjacent to a equals 7r/3. 

(5) The two sides of P that have a as an endpoint have the same length. 
Let ad and ac" be these two sides of P. 

(6) Let d be the vertex of P that is adjacent to d but different than a 
and, similarly, let e" be the vertex of P that is adjacent to c" but 
different than a. Then the sides dd and c"e" of P are parallel and 
have the same length. 

(7) The corner angles of P at the vertices d and e" equal ir/2. 

Using Definition 15.31 the main result of [CC| becomes the following. 

Theorem 5.4. If p = 3, then the (isometric) planar polygons Pa and Pb 
are 3- special. Furthermore, the hex sphere M can be recovered from the 
disjoint union of the polygons Pa and Pb by identifying the edges on the 
boundaries of Pa and Pb as shown in Figure [H 
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Figure 2. Recovering M from Pa U Pb when p = 3 

Definition 5.5. A planar polygon P is 4-special if it satisfies conditions 
(2) — (6) from Definition 15.31 as well as the following: 

(f) P has 6 sides. 

(2) Let /' be the only vertex of P that is different from a, c', c", e' and 
e". Then the vertices e', e" and /' are equidistant from the vertex 
a. 

Reformulating the main result of |CCj in terms of Definition 15.51 we get: 

Theorem 5.6. If p = 4, then the (isometric) planar polygons Pa and Pb 
are 4-special. Furthermore, the hex sphere M can be recovered from the 
disjoint union of the polygons Pa and Pb by identifying the edges on the 
boundaries of Pa and Pb as shown in Figure 




/' 

Figure 3. Recovering M from Pa U Pb when p = 4 

Definition 5.7. A planar polygon P is special if it is n-special for some 
n€ {2,3,4}. 

Remark 5.8. Observe that a "generic" special polygon is 4-special. In fact: 
o A 3-special polygon is a degenerate 4-special polygon in which a 

vertex merges with one of its two adjacent vertices, 
o A 2-special polygon is a degenerate 4-special polygon whose pair of 

parallel sides collapse to points. 

Definition 5.9. Let P be a special polygon and let a be the unique vertex 
of P at which the corner angle equals Air/ 3. Suppose that if we traverse the 
boundary of P counterclockwisely, starting and ending at the vertex a, we 
encounter the vertices 

o a, c', d, c" ,a if P is 2-special; 

o a,c' ,e' , e" , c" , a if P is 3-special; 

o a, c', e', e" , c", a if P is 4-special. 
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We define the angles ip = f{P), a = a{P) and j3 = f3(P) as follows: 

o ip = 0, a = Zac'd and /3 = Zac"d if P is 2-special; 

o ip = Zc'ae', a = Zae'e" and f3 = Zae"e' if P is 3-special; 

o ip = Zc'ae', a = Zae'f and (3 = Zae" f if P is 4-special. 




Figure 4. Defining the angles ip, a and j3 



Given a special polygon P, it is easy to see that a + /3 = 99 + 7r/3ifPis 
either 2- or 4-special, and that a = (3 = ip — n/6 if P is 3-special. 

Definition 5.10. Given a hex sphere M with Voronoi polygons Pa or Pb, 
we define its angles parameters ip(M), a{M) and j3{M) by f{M) = ip(Pa) = 
ip{P B ), a{M) = a(P A ) = a(P B ) and p(M) = 0(P A ) = P(P B ). 

6. The Moduli Space of Special Polygons 

Definition 6.1. We define the equivalence relation ~ on the set of all spe- 
cial polygons by P\ ~ P<i if and only if there is an orientation-preserving 
similarity of the plane which sends the vertices of P\ to the vertices of Pi . 
The set of all ~ equivalence classes is called the moduli space of special 
polygons and it is denoted by M.SV . The set MSV n C M.SV is the set of 
all ~ equivalence classes of n-special polygons (n € {2,3,4}). 

Notation 6.2. From now on, we will use the following notation: 

o The ~ equivalence class of a special polygon P will be denoted by 

[P]sim G MSV. 

o The only vertex of a special polygon at which the corner angle is 

47r/3 will be denoted by a. 
o Given a special polygon P, let P denote the only unit-area polygon 

that is the image of the polygon P under a homothety of the plane 

fixing the vertex a. 
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o If P is a special polygon, then we write P = (vi,V2, • • • , v n ) to mean 
that v\,V2, ■ ■ ■ ,v n (in that order) are the vertices of P that we find 
when we travel along the boundary of P counterclockwisely, starting 
at the vertex v\ = a. 

The proofs of Propositions I6.3H6.5I use only elementary Euclidean geome- 
try and therefore they are omitted. 

Proposition 6.3. Given a 4-special polygon P, its angle parameters ip and 
a satisfy the following inequalities: 

(1) < tp < 2ir/3, 

(2) < a < tt/2, 

(3) ip - 7r/6 < a < ip + 7r/3. 

Conversely, given two numbers ip and a satisfying (l)-(S), there is a 4- 
special polygon P with ip = (p(P) and a = a(P). If P\ is another 4-special 
polygon with ip = <p(Pi) and a = a{P\), then P ~ P\. 

Proposition 6.4. Given a 3-special polygon P, its angle parameters ip and 
a satisfy the following inequalities: 

(1) tt/6 < <p < 2vr/3, 

(2) a = ip- tt/6. 

Conversely, given two numbers ip and a satisfying (l)-(2), there is a 3- 
special polygon P with ip = <p(P) and a = a(P). If P\ is another 3-special 
polygon with ip = <p(Pi) and a = a(P\), then P ~ P\. 

Proposition 6.5. Given a 2-special polygon P , its angle parameters ip and 
a satisfy the following inequalities: 

(1) ip = 0, 

(2) < a < tt/3. 

Conversely, given two numbers <p and a satisfying (l)-(2), there is a 2- 
special polygon P with ip = ip(P) and a = a{P). If P\ is another 2-special 
polygon with ip = ip{P\) and a = a{P\), then P ~ P\. 

We know from Section [5] that given a special polygon P we can construct 
a hex sphere in the following way. Take the polygon P and a copy, P\, of 
P. Identify the edges on the boundaries of P and P\ according to the gluing 
scheme of Figured! Figure[2]or Figure [3] (depending if P is 2-, 3- or 4-special, 
respectively). Let Hex(P) denote the hex sphere constructed from P in this 
way, and let irp: P\JP\ — > Hex(P) be the canonical map. Let ap £ Hex(P) 
be the image of the vertex a of P. Let be the Voronoi cell of the hex 
sphere Hex{P) centered at the singular point ap. Then the polygon P can 
be identified with the planar polygon associated to Ap. 

Definition 6.6. Let P and Q be two special polygons. A PL homeomor- 
phism g: P — > Q is said to extend to a map g: Hex(P) — > Hex(Q) if 
g o 7Tp o ip = ttq o ig o g, where ip: P ^->- P U P\ and : Q Q U Q\ are 
the inclusion maps. 
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Definition 6.7. Given two special polygons P and Q, we define the number 
dsv(P,Q) = loginf K. The infimum is taken over all numbers K > 1 such 
that there is an orientation-preserving PL i^-bi-Lipschitz homeomorphism 
g: P —¥ Q, which extends to an orientation-preserving PL homeomorphism 
g: Hex(P) — >• Hex(Q) that preserves Voronoi graphs. 

Proposition 6.8. The map d_Msv of MSV x MSV into the non-negative 
reals defined by d_MSv([P]sim, [Q]sim) = dsv(P,Q) is a metric on MSV. 
Let Cl(-) denote the closure of ■ in the metric space (MSV, d_\4sv)- Then 
Cl{MSVi) = MSV, and MSV l n Cl(MSVj) = for i,j G {2, 3}, i ^ j. 

The proof of the Proposition 16.81 follows from standard metric arguments. 

Definition 6.9. Let y = {{if, a) G [0, 2vr/3) x (0, vr/2] : p - vr/6 < a < tp + 
7r/3}. This set becomes a metric space with the restriction of the Euclidean 
metric on the plane to y. 

The reader can check that the map A: MSV — > y defined by 

A([P] sim ) = (<f(P), a(P)), [P) sim G MSV. (6.1) 

is well-defined. However, this map is not continuous (see Example 16. 10p . 

Example 6.10. Consider the unit-area, 4-special polygons Pi and Pi from 
Figure El Suppose that d^%(a\,d^) = (a2,d 2 ) and that d K 2 (c[, e^) = 
^(c^e^) (where denotes the Euclidean distance on the plane). Let 
PENT = (a 1 ,c' 1 ,e' 1 ,e'{,c'{) (see Figure©. Then clearly: 

(1) limf^m]^) = [PENT] sim =lim f2 ^ e ,,([P 2 ] siia ). [Here f x -> e' x 
(respectively, f 2 — > e 2 ) means that f\ (respectively, f 2 ) approaches 
e' x (respectively, e 2 ) keeping all vertices of Pi (respectively, P 2 ) but 
fi (respectively, f 2 ) fixed.] 

(2) hm /l _ >e /(A(P 1 )) = (tp x ,ix/2), but lim /2 ^(A(P 2 )) = (tp u tp x - tt/6). 




Example 16.101 motivates the following definition. 

Definition 6.11. Let Z be the set obtained from y by identifying the points 
(tp, vr/2) G y and (tp,tp — 7r/6) G y for tt/6 < tp < 2ir/3. The set Z inherits 
a metric from y and, with this metric, Z becomes a metric surface. The 
canonical projection of y onto Z will be denoted by n: y — > Z. 
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Theorem 6.12. Let A: MSV ^ y be the map defined in ([EI]). Then the 
composition II o A : MSV — > Z is a homeomorphism. 

Proof. The proof is divided into three steps. 

o Step I: The map Ho A: MSV —> Z is bijective. 
^ Let y = {(ip, a) e y: a ^ vr/2}. By Propositions E3 El and E3 
y = A(MSV). Clearly, the restriction of the map IT to y is a bijection of 
y onto Z. Thus, II o A(MSV) = U(y) = Z. Since the restriction of II to 
y = A(MSV) is injective, then it suffices to show that A: MSV -4 y is 
injective. This can be easily done by using Propositions 16.3 1 16-41 and 16.51 

o Step II: The map II o A : MSV — > Z is continuous. 

For each n, let A n : MSV n — > y be the restriction of A to MSV n . Since 
the map A n is continuous, then so is II o A n : MSV n — > Z. Hence, II o 
A: MSV — > Z is also continuous (by Remark 15.81 and Proposition I6.8p . 

o Step III: The inverse map of Ho A: MSV — > Z is also continuous. 

Consider the map : y — > MSV defined by $(92, a) = [P] s i m , where P is 
a special polygon with angle parameters (tp, a). The reader can check that 
this map is well-defined. The map is continuous because two (unit-area) 
special polygons are close in the bi-Lipschitz distance provided that their 
angle parameters are sufficiently close in the space y. Also, by Example l6.10[ 
<J>(</2, 7r/2) = $>((p, tp — 7r/6), and so $ : y — > MSV descends to a continuous 
map Z ->• such that $oIl = i Clearly, 2 -4 is the 

inverse map of IT o A: MSV — > Z. □ 

Remark 6.13. By Theorem 16.121 we can decompose the surface Z as Z = 
Z 2 UZ 3 UZ 4 , where Z 2 = U{{{tp,a) G ^: 93 = 0}), Z 3 = n({(p,a) € 3^: a = 
— vr/6} and -E4 = II({((/?, a) & y-. (p — ir/6<a<tp + 7f/3}). Notice that 
parametrizes MSV n , i.e., Z n = Ho A{MSV n ) for each n = 2, 3, 4. 

7. The Moduli Space of Hex Structures of Unit Area 

Definition 7.1. Given a topological hex surface S, let -M un it($) denote the 
set of all hex structures marked by S that have unit area. 

The set M U mt(S) is a subspace of M(S) with the restriction of the metric 
d M(S) to Mumt(S). 

Definition 7.2. Let 5 be a topological hex sphere with cone points x\, x 2 , 
X3 and X4. From now on, we will use the following notation: 

o {i a , ib,i c , id} w ill be the unique permutation of the set {1,2,3,4} 
that satisfies the following properties: 

— Xi a and Xi b are the cone points of S of angle 4-7r/3. 

— Xi r and Xi d are the cone points of S of angle 27r/3. 

— i a <i b and i c < i d . 

o Given a hex structure (M,h) marked by S, we define a = h{x; La ), 
b = h(xi b ), c = h(x ic ) and d = h(x id ). 

The definition below gives us a way to split M un it(S) into "halves". 
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Definition 7.3. Given a topological hex surface S, define 

o M+&(S) = {[M,h]~ M G M unit (S): d M (a,c) < d M (b,c)}; 
o M- nit (S) = {[M,h]~ M G M U nit(S): d M (b,c) < d M (a,c)}. 

The spaces Ai^ nit (S) and M~ nit (S) have some nice properties. 

Proposition 7.4. Given a topological hex surface S, the following hold: 

(1) The sets M^ nit (S) and M~ nit {S) are closed in M un it{S). 

(2) The space M un u(S) is the union of M+ nit (S) and M~ nit (S). 

(3) A point [M,h]~ M G M umt {S) is in M+ mt (S) n M~ nit (S) if and only 
if both Voronoi cells A and B of M have exactly 2 edges. 

Proof. The statements (1) and (2) are obvious. We now prove (3). Suppose 
that [M, h]~ M G M+ nit (S)nM- nit (S), so that d M (a,c) = d M (b,c). This 
means that there are at least two shortest geodesies from c to the set {a, b}. 
Hence, the degree of the vertex c of the graph T, the Voronoi graph of M, 
is at least 2 (by Lemma 5.3 from [CC]). Similarly, the degree of the vertex 
d of the graph V is also at least 2, since £Zm(o, c) = dM(b,c) implies that 
dM(b,d) = du{a,d) (by Theorem 4.4 from |CC| ). 

Let p be the number of edges of the Voronoi cell A of the hex sphere M. 
By Theorem 1.2 and Observation 6.1 from [CC], p is also the number of 
edges of the Voronoi cell B and it can only be equal to 2, 3 or 4. If p were 
equal to either 3 or 4, then the vertices c and d of the Voronoi graph T would 
have degree 1 (by Lemmas 6.4 and 6.5 from |CC| ). But this contradicts what 
we just proved in the previous paragraph. Therefore, p = 2. 

Conversely, suppose that [M,h]~ M G A4 un it(S) and that both Voronoi 
cells A and B of M have exactly 2 edges. This implies that djw(a, c) = 
dM(b,c) (by the proof of Lemma 6.2 from |CC] ). Therefore, [M, h\~ M G 
M^(S)^M- mt (S). □ 

Definition 7.5. Consider two copies Z + and Z~ of the surface Z from 
Definition I6TT1 By Remark 16431 Z + = Z% U Z£ U Z% and Z~ = Z% U 
Z^ U where Z+ (respectively, Z~) is the subspace of Z + (respectively, 
Z~) parametrizing A4SV n . We define Z as the space obtained from Z + \JZ~ 
by identifying a point in Z^ with its corresponding point in '. 

The surface Z is homeomorphic to a sphere with three holes, without 
including the boundary of the holes (see Figure [8]) . 

Theorem 7.6. Define a map A+ : M+ nit (S) -> MSV by A+([M,h]~ M ) = 
\PA\sim, where Pa is the special polygon associated to the Voronoi region A 
of M . Then A + is a homeomorphism. Similarly, the map A~ : M~ nit (S) — >■ 
MSV defined by A - ([M, h]~ M ) = [-Pa] aim * s a ^ so a homeomorphism. 

Proof. The reader can check that the map A + is well-defined. We now 
divide the proof into three steps. 

o Step I: The map A + : M^ nit (S) — > M.SV is continuous. 
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Let {[M„, h n ]~ M } n be a sequence of points in M^ Qit (S) converging to a 
point [M',h']~ M G A4^ nit (S). This means that there is a sequence {K n } n 
converging to 1, and for each n there is an orientation-preserving PL K n - 
bi-Lipschitz homeomorphism g n : M n — » M' such that g n o h n \j] = h'\s and 
9n(Xn) = r'. [Here £ is the singular locus of the topological hex sphere S, 
and r n , r' are the Voronoi graphs of M n , M', respectively.] 

Let A n be the Voronoi cell of M n centered at a n , and let A' be the 
Voronoi cell of M' centered at a'. Standard topological arguments show 
that g n {A n ) = A'. Thus, g n induces an orientation-preserving PL K n - 
bi-Lipschitz homeomorphism g n : Pa„ — > Pa> , where Pa„ and Pa> are the 
special polygons associated to the Voronoi cells A n and A', respectively. 
The map g n : Pa„ ~^ Pa' naturally gives rise to a i^-bi-Lipschitz homeo- 
morphism g n : Pa„ Pa 1 ; which extends to an orientation-preserving PL 
homeomorphism g n : Hex(PA n ) — > Hex(PA')- Further, g n preserves Voronoi 
graphs. Thus, A+([M n ,h n ]^ M ) -> A+([M', h% M ) as n -> oo. 

o Step II: The map A+ : M+ nit {S) ->■ MSP is bijective. 

Let [P]sim € M.SV. Pick a polygon P]_/ 2 in [P] s i m with area (P1/2) = 1/2. 
Then the hex sphere M = Hex (Pi/ 2) has unit area. Pick a marking h: S 
M, so that [M, h]~ M G M+^(S) and A+([M,h]~ M ) = [P] sim . 

Suppose that [M,h]~ M and [M', h']~ M are two points in M.^ nit (S) with 
A+([M,/i]^J = A + ([M', h']~ M ). Then [P^ = [P A ']sim, where P A (re- 
spectively, P4') is the planar polygon associated to the Voronoi region A 
(respectively, A') of M (respectively, M'). Thus, there is an orientation- 
preserving similarity of the plane sending Pa to Pa 1 - This similarity is 
actually an isometry, as the area of Pa equals that of Pa 1 - This isometry 
extends to an isometry of M = Hcx(Pa) to M f = Hex (Pa 1 ) that preserves 
the cone points and the Voronoi graphs. Hence, [M,h]~ M = [M',h']~ M - 

o Step III: The inverse map of A + is also continuous. 

This step is proven using the arguments from Step I. □ 

We now prove that the surface Z is a parameter space for A / l un it(5'). 

Theorem 7.7. Let Z + and Z~ be the two copies of Z from Definition \ 7. 5\ 
Let id + : Z — > Z + and id" : Z — > Z" be the identity maps. Then: 
(i) Par + = id + 0II0A0 A + : M^ nit (S) — > Z + is a homeomorphism; 
(ii) Par" = id" o n o A o A~ : M~ nit (S) — > Z~ is a homeomorphism. 
Furthermore, the maps Par + and Par" can be amalgamated to give a 
homeomorphism Par: M. U nit(S) — > Z such that Par\ M + ^ = Par + and 

Par \M- mt{ S)= Par ~- 

Proof, (i) and (ii) follow from theorems 16.121 and 17.61 By Proposition 17.41 
the space M n m.t{S) is the union of -M^ nit (S) and Ai~ nit (S), which intersect 
along the space of all [M, h]~ M € M. un it(S) for which both Voronoi cells A 
and B of M have exactly 2 edges. Also, Par + ( [M, h]~ M ) = Par" ( [M, h] ~ M ) 
for all [M,h]~ M G M^ nit (S) DM~ nit (S). Therefore, the maps Par + and 
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Par can be combined to produce a homeomorphism Par: M un it(S) — > Z 
that restricts to Par + on M^ nit and to Par - on M~ nit . □ 

Corollary 7.8. Let M be a hex sphere of unit area. Then 

(1) M embeds isometrically in the 3- dimensional Euclidean space as the 
boundary of a tetrahedron. 

(2) There exists an open Euclidean annulus, embedded in M, which is 
disjoint from the cone points in M . In particular, M has a simple 
closed geodesic. 

(3) There is a simple closed geodesic 7 in M such that a fractional Dehn 
twist along 7 converts M to the double of a perfect parallelogram. 

Proof. Let <p and a be the angle parameters of M. Let Pa and Pg be the 
Voronoi polygons of M. Then both Pa and Pg are either 2-, 3- or 4-special. 

In [CCJ the author proves that the polygons Pa and Pg arc isometric, 
and that the hex sphere M can be reconstructed from Pa and Pg by gluing 
pairs of edges of these polygons according to one of 3 possible combinatorial 
patterns. These gluing patterns depend on whether the Voronoi polygons 
are either 2-, 3- or 4-special. We divide the proof into three cases. 

o Case I: Both Pa and Pg are 2-special. 

The gluing pattern to obtain M from Pa and Pg is that of Figure [TJ 
Let Z be the planar polygon obtained from Pa U Pg by identifying the 
edges labeled by in Figure [TJ Figure [6a] shows the polygon Z and the 
identification pattern on its boundary needed to recover M. 




(a) The polygon Z (b) The 

polygon 
Zi 



Figure 6. The polygons Z and Z\ in Case I. 

(1) . Adding the two dashed segments from Figure [6a] divides the polygon 
Z into four triangles, which gives rise to a triangulation of M. After looking 
at the identification pattern from Figure [6al it is obvious that M embeds 
isometrically in the 3-dimensional Euclidean space as the boundary of a 
tetrahedron. Each face of this tetrahedron is an isosceles triangle. 

(2) . Label the vertices of the polygon Z as in Figure ISal Cut Z along 
the segment bd and then glue the edges be" and be'" , obtaining a new planar 
polygon Z\. The hex sphere M can be recovered by gluing the edges of Z\ 
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as shown in Figure I6bl Label the vertices of Z\ as in Figure I6bl Let l\ 
(respectively, fa) be the segment in Z\ that is parallel to the segment c'c" 
and passes through the vertex a (respectively, the vertex b). Let S be the 
strip in Z\ that is bounded by the segments l\ and fa. Since the edges c'd! 
and c"d" are parallel, then, after gluing the edges of Z\ as shown in Figure 
I6bl the strip S gives rise to an annulus in M. The interior of this annulus 
satisfies the desired properties, and its core is a simple closed geodesic in M. 

(3). Let 7 be the core of the annulus from (2) of the statement of the 
corollary. Let S a (respectively, Sb, S c " and Sd') be the segment in Z\ that 
is orthogonal to 7 and passes through the point a (respectively, b, c" and 
df), see Figure [71 Let y (respectively, z) be the point where 7 intersects S a 
(respectively, Sd>). Perform a fractional Dehn twist along 7 until the points 
y and z coincide. Now it is easy to show that the hex sphere we obtain after 
the Dehn twist is the double of the perfect parallelogram ad' be" . 





Scf> 

S a 7 






J 

Sb 

s d' 





Figure 7. The hex sphere before the fractional Dehn twist 
along 7 



The remaining cases are when both polygons Pa and Pb are either 3- or 
4-special. In these cases, (l)-(3) can be proved using the same arguments 
as in Case I. The details are omitted. □ 

8. A Picture is Worth a Thousand Words 

By Theorem 17.71 the surface Z can be identified with the moduli space of 
hex spheres of unit area. Given a point in Z, we would like to see the hex 
sphere this point corresponds to. This is summarized in Figure 

The surface Z can be split into the halves Z + and Z~ . The left half Z + 
(respectively, Z~) parametrizes the hex spheres M for which dj^(a,c) < 
dhiifl, d) (respectively, djvf(a, c) > dj^(a,d)). The regions Z + and Z~ inter- 
sect in the open arc labeled as n = 2 in Figure This arc is defined by the 
relations 10 = and < a < tt/3 and its points correspond to hex spheres 
whose Voronoi polygons are 2-special. These hex spheres are those that 
embed isometrically in the 3-dimensional Euclidean space as the boundary 
of a tetrahedron, all of whose faces are isosceles triangles. 

There are two arcs in Figure [8] labeled as n = 3: one in Z + and the 
other in Z~ . These arcs are defined by the relations tt/6 < ip < 2ir/3 and 
a = ip — tt/6 and their points correspond to hex spheres whose Voronoi 
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d M (a,c) < d M {a,d) 



d M (a,c) > d M {a,d) 








double of an 
equilateral triangle 

Figure 8. Interpreting points in Z as hex spheres. 



polygons are 3-special. Each of these hex spheres is the double a Euclidean 
trapezoid with interior angles 7r/3, 7r/3, 2ir/3 and 2ir/3. 

Points in Z that are not in one of the arcs labeled as either n = 2 or n = 3 
represent hex spheres whose Voronoi polygons are 4-special. These form the 
generic type of hex spheres and, among them, there are some which are 
especially symmetric: the doubles of perfect parallelograms. The latter are 
parametrized by the dashed segment from Figure [8] that traverse the back 
of Z and whose middle point intersects the arc labeled n = 2. In terms of 
the parameters ip and a, a generic hex sphere is defined by the inequalities 
< if < 27r/3, < a < ir/2 and (p — ir/6 < a < ip + tt/3. This hex sphere 
is the double of a perfect parallelogram if, additionally, a = ip/2 + it/ 6. 

Recall that Z is homeomorphic to a sphere with three holes (not including 
the boundary of the holes). The leftmost and rightmost holes of Z will be 
referred to as small holes, while the hole in the middle of Z will be referred 
to as the big hole (see Figure [8]) . 

Each hole in Z represents a degenerate hex sphere, by which we mean 
a proper metric space that is the Gromov-Hausdorff limit of a sequence of 
genuine hex spheres. We consider only proper metric spaces because the 
Gromov-Hausdorff limits are unique when restricted to these spaces (see 
Corollary 6.11 from [CHKOOp . 

The big hole of Z represents the orbifold S 2 (2tt/3, 2tt/3, 2tt/3), which is 
the double of an Euclidean equilateral triangle. This is so because every 
point in the boundary of the big hole is parametrized by a pair (ip, a) G M? 
such that there is a sequence of points (ip n ,a n ) G Z converging to (ip, a) 
with 



Let M n be the hex sphere of unit area with angle parameters ip n , a n , 
and let a n , b n be the two cone points in M n of angle 4ir/3. By (18. ip . 



either a n — > or a n — > <p + tt/3 



(8.1) 
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^M n (anj&n) — > 0, and the degenerate hex sphere S 2 {2ir/3, 2tt/3, 2tt/3) cor- 
responds to the limiting case when the cone points a n and b n merge. 

The small holes of Z represent non-compact degenerate hex spheres that 
experience a dimensional collapsing. More precisely, each of these degen- 
erate hex spheres is 1-dimensional but it is the limit of a sequence of long 
and skinny (2-dimensional) hex spheres. [The limit is a pointed Gromov- 
Hausdorff limit because of the non-compactness of the limiting space.] This 
is explained in the next paragraph. 

Consider the small hole in Z + , which is parametrized by the pair (ip, a) = 
(27r/3, vr/2) G R 2 . There is a sequence of points ((p n , a n ) € Z + such that 
<p n (p = 2ir/3 and a n — > a = n/2. Let M n be the hex sphere of unit area 
with angle parameters tp n , a n . Let a n , b n be the two cone points in M n of 
angle 47r/3, and let c n , d n be the two cone points in M n of angle 2ir/3. Then, 
) ->■ and dM n (a n ,d n ) — > oo, which imply that dM n (b n ,d n ) -> 
and dM n (b n ,c n ) — > oo (by Theorem 4.4 from [CC] ). These conditions 
force the hex sphere M n to become longer and skinnier (by Corollary 17.81 
(1)). Furthermore, the pointed Gromov-Hausdorff limit of the sequence 
(M n ,a n ) is the metric space (R>o,0), where M>o denotes the non-negative 
reals equipped with usual metric. 

In general, the pointed Gromov-Hausdorff limit of a sequence of metric 
spaces depends on the base point. Thus, the Gromov-Hausdorff limit of the 
sequence (M n ,x n ) will depend on the choice of the x n 's. For instance, we 
just saw that if x n = a n for all n, then the limit of the sequence (M n ,x n ) is 
(R>0,0). The reader can check that we obtain the same limit if, for each n, 
x n is any other of the cone points of M n . However, if x n is a point in the 
Voronoi graph of M n for each n, then the limit of the sequence (M n ,x n ) is 
(R, 0). In a sense, it is more natural to take a cone point of M n as its base 
point, since cone points are the only "distinguished" points in a singular 
Euclidean surface. This would mean that (R>q,0) is the "natural" limit of 
the sequence (M n ,x n ), and this is why we included it in Figure 

The small hole in 2" can be analyzed using the same arguments from 
the previous paragraphs. 
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